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Abstract: In recent years, there has been a greater emphasis on the forecasting accuracy of heteroscedastic models. 

Instead of estimating the returns volatility using a generalised autoregressive conditional heteroscedastic model (

GARCH  model), this study separates the returns internal components from the external trend first using a 

decomposition method called “external trend and internal components analysis method” (ETICA), then estimates the 

returns volatility using a ( )1,1GARCH . The study's goal is to determine whether this separation has an effect on 

the prediction accuracy of the volatility of S&P 500, NASDAQ and Dow Jones stock indices. To explore the ETICA 

method effect, the root mean squared error has been used to compare the prediction accuracy before and after 

decomposition. The findings show that on average, the RMSE results were found to be lower before decomposition 

which means that stock returns had a higher prediction accuracy.  

Keywords: GARCH model, decomposition method, S&P 500, NASDAQ, Dow Jones, RMSE. 

1.   INTRODUCTION 

In spite of the fact that fluctuations cause stock prices to rise and fall on a minute-to-minute basis, there isn't a clear equation 

that can predict how a stock price will behave. Nevertheless, little is known about the dynamics that affect stock prices, which 

can be broken down into a variety of highly connected economic, political and even psychological elements. Concerns about 

stock market fluctuations are widespread among scholars in stock values and the accuracy of price predictions. Stock price 

volatility frequently takes the form of market turbulence. Because it might more accurately reflect the volatility of the stock 

market than the stock price series, modeling and predicting the stock return rate has greater research value than predicting 

the stock price. There are several theoretical forecasting techniques. Support vector machine prediction models, and artificial 

neural network prediction models have all been investigated by some scholars (Guresen et al. 2011; Hu, Zhu and Tse, 2013; 

Lahmiri, 2016; Zhong and Enke, 2019). 

Financial asset movements are typically assessed by volatility (the return on the underlying asset's conditional standard 

deviation), and can also be viewed as asset risk. The more the asset moves, the more likely its value will drop. The significant 

improvements brought about by time-series models are due to the addition of conditional variances and conditional means, 

which change over time. In the case of time series data, heteroscedasticity corrections should be considered. The 

autoregressive conditional heteroscedasticity ARCH  model was developed by Engle (1982). He suggested using 

conditional densities to combine lagged endogenous and exogenous variables with the information set's vectors of unknown 

parameters. One of the most difficult aspects of modeling volatility is that it has periods with low movements followed by 

times with significant movements. ARCH  is the first model that assumes that volatility is not constant. 

In empirical applications, the conditional variance equation's negative variance parameter and relatively long lag seem to be 

problems for the model. Bollerslev (1986) created the procedure (Generalized Autoregressive Conditional 

Heteroskedasticity), which broadened the class of models to permit more flexible lag structures and longer memory. 

Similarly, Engle (1995) developed a theory that treated the terms for the lagged conditional variance as autoregressive terms. 
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As opposed to being an autoregression specification, the specification had the drawback of looking more like a moving 

average specification. Engle's fundamental model has evolved into more complicated models such as, IGARCH , 

TGARCH , EGARCH , and GARCH M− . Many of the models have unique characteristics that improve forecast 

accuracy. The ARCH and GARCH models have helped to develop financial econometric modeling. These exemplars are 

well-known for their ability to capture financial time series volatility clustering (Cheteni, 2016). 

In a previous study, we demonstrated how separating the internal components from the external trend for stock market 

indices can increase the degree of predictability of financial time series (Dioubi and Khurshid, 2022). In order to verify this 

finding, we used a generalized autoregressive conditional heteroscedasticity model in this study. ( )1,1GARCH  which 

has been shown by Javed and Mantalos (2013), that its performance is satisfactory in various research, and the initial lag is 

sufficient to capture the volatility's changes. This study applies a basic GARCH  model to assess volatility clustering in 

S&P 500, NASDAQ and Dow Jones indices, differently from other studies we also estimate it for both internal components 

and external trend. To verify the efficiency of the decomposition method in improving the predictability of the times series. 

To compare the accuracy of the prediction we used the RMSE results for the stock market indices before and after 

decomposition, and our findings support the efficiency of the separation in the enhancement of the predictability degree of 

the financial time series.  

The paper is arranged as follows: Section 2 the data and technique utilized, Section 3 and 4 the empirical analysis and results, 

and Section 5 the study's conclusion. 

2.   METHODOLOGY 

As mentioned in previous section, we tested the decomposition method which has been proved to be efficient in improving 

the predictability degree (Dioubi and Khurshid, 2022). Since the GARCH model was discovered to be the most 

straightforward and reliable of the family of volatility models, we used it to accomplish this (Engle, 2001). Different from 

our previous study dealing with the return’s predictability, this paper explores the decomposition method effect on returns 

volatility. In this section we have explained briefly the decomposition method we used and which is called “The external 

trend and internal components analysis method”. The “ETICA” method has been proposed by Barthélemy, Nadal and 

Berestycki (2010), to address a problem of a separation method that has been previously presented by de Menezes et 

Barabasi (2004) where they suggested a technique to systematically distinguish between internal and external contributions 

for each time series. By minimizing the impact of the external changes on the system's activity, they tested it on model 

systems where the size of external perturbations could be explicitly adjusted. By doing so, they were able to gain insights 

into the internal dynamics of a variety of systems, from Internet traffic to bit flow on a microprocessor. 

By looking at a dynamical system that enables them to give a time series ( )r t  to each component " "i  and capture the time-

dependent behaviour of N  components, where 1,...,t T=  and 1,...,i N= . Because each time series signifies the sum of 

the contributions from the system's internal dynamics and outside perturbations, they assumed that they could separate the 

two components by writing down separate times series for each: 

 ( ) ( )int ext

i i ir r t r t= +  (1) 

Additionally, they define iA  as the proportion of all traffic passing though the component " "i  in time period 1,...,t T=  

to all traffic passing through all components observed in the same time period: 
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And which, by definition, has a zero average because it accounts for variations in traffic from that which is anticipated to 

pass through component " "i . This assumption has only been proven to be true in specific circumstances, so the Barthelemy 

et al. (2010) method ignored it and proposed their method under various scenarios. They assumed that the global trend was 

independent of internal contributions, which were assumed also to independents, as well as the external parts were thus 

characterized as follows: 

 ( ) ( )ext

i ir t a t=  (5) 

Where ( )t  is the overall trend shared by all equities that are responding to it with the prefactor ia . According to the 

authors: 

 ( ) ( ) ( )int

i i ir t a t r t= +  (6) 

This method has been borrowed and showed that it helps in improving the returns predictability of different stock markets 

from America and China. In this study we tested the efficiency of this to improve and enhance the predictability of stock 

market volatility. 

2.1 Data collection 

In this study, we used the closing prices of stocks from the USA following stock markets: 

➢ S&P 500  

➢ NASDAQ 

➢ Dow Jones 

 Matei's 2009 study found that increasing the number of observations to over a thousand will help the GARCH model deliver 

more accurate results. Granger (1992) has shown that a comprehensive investigation over a longer time period can be 

utilized to assess the predictability of stock prices or returns. As a result, the websites of yahoo finance were used to collect 

the 1989 daily stock values, which covered the period from January 8, 2015 to November 30, 2022. 

The following data transformation is necessary for the decomposition method employed in this study: 

 
( ) ( 1)

( ) *100
( 1)

i i
i

i

P t P t
r t

P t

− −
=

−
 (7) 

Where: the closing prices at instants t  and 1t − , respectively, are denoted by ( )iP t  and ( 1)iP t − , and: 1,...,3i =  

(Because we have three stock indices). 
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2.2 Empirical analysis 

2.2.1 Descriptive statistical analysis 

Figure 1, represents the daily closing prices of our stock indices. It demonstrates that there are no periodic fluctuations in 

the three cases: S&P 500 stocks, NASADQ and the Dow Jones. Those times series are initially regarded as the non-

stationary series: 

 

 

 

Figure 1: Daily closing prices for S&P 500, NASDAQ and Dow Jones indices 
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As mentioned in the precedent section, the closing prices has been transformed following the equation 7: 

 

 

 
 

Figure 2: Transformed data from S&P 500, NASDAQ and Dow Jones indices 

An examination of the fundamental statistical characteristics of the data series is required prior to data processing. The daily 

transformed data of the S&P 500, NASDAQ and Dow Jones indices are depicted in Figure 2. In addition, each disposal in 

this essay is subjected to statistical analysis using the program Eviews 12. 

Figure 20 show that there is a tiny time trend present in the date series. Additionally, it exhibits characteristics of time-

varying variation and clustering. To fit the volatility of the S&P 500, NASDAQ, and Dow Jones Indices, classic conditional 

variance models with the assumption of homoscedasticity are therefore no longer appropriate. Instead, since models can 

deal with time series that exhibit heteroscedasticity and clustering, they might successfully finish this task. Additionally, as 
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we can see from Figure 2, the times series had higher volatility around the corona virus (cov.19) crisis and which is also a 

good candidate for GARCH  process. 

In this study, as we previously mentioned, instead of using the returns we have separated the internal components from the 

external trend and fit the data with the GARCH  model, hence the following graphs show both of the quantities changes, 

and as we can see from the graphs we can conclude the same thing which is that the GARCH models seems to be the 

heteroscedasticity model fitting the data in these cases. 

2.2.2 Normality test: 

Figure 3 display descriptive statistics for stock returns for the investigated indices. As we can see from this figure, the 

normality assumption is disproved by the Jarque-Bera statistics. Thus, validating the general norm that stock returns are not 

regularly distributed in the case of using the returns, and also in the case of using their internal components and external 

trend and the figures are in the appendix. 

 
 

 
 

 

Figure 3: Normality test for the S&P 500, NASDAQ and Dow Jones indices 
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2.2.3 Stationarity test 

The series must be stationary for the volatility to be captured without the use of ARMA  extensions on the ARCH  and 

GARCH  models. The original time series were not stationary which are the closing prices (as we can see from the figure 

1). In this study, the data has been transformed in accordance with equation (8) to be stationary. To the stationarity, we run 

an Augmented Dickey Fuller test for the 3 stock indices’ returns used in this work, as well as their internal and components 

and external trend. 

 

 

 

 

 

Figure 4: Stationarity test for the S&P 500, NASDAQ and Dow Jones indices 

The test's findings demonstrate the stationary nature of the time series data before and after decomposition as can be seen 

from the graph 4. The results of the ADF test disprove the null hypothesis that a unit root exists in the returns series from 

the data before decomposition. Compared to the crucial values, the ADF statistic is lower. If the test statistics are less than 

the crucial value, the null hypothesis is rejected in favour of the one-sided alternative. At all three levels of significance, the 

test in this study rejects the null hypothesis that a time series has a unit root. Therefore, we disprove the hypothesis that the 

time series are non-stationary (the internal components and external trend stationarity test results are in the appendix). 
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2.2.4 ARCH test 

For investigating the time dynamics of the second moments, the ARCH test is an essential instrument (i.e., conditional 

variance). Contrary to popular belief, time-varying conditional volatility, volatility clustering, and, ultimately, the presence 

of a fat-tailed distribution is not necessarily indicated by the presence of a considerable excess kurtosis. 

The ARCH test recommends several model types by assisting in the detection of a time-varying phenomenon in the 

conditional volatility. An LM test for autoregressive conditional heteroscedasticity effect was done, and the figures in the 

appendix show the output of the test done using the S&P 500, NASDAQ and Dow Jones indices returns, as well as their 

internal components and external trends, which have produced similar results. The null hypothesis was rejected, the p-value 

for all the time series was 0.0000, and as a result, the series have an ARCH  effect. 

2.3 Empirical results 

The GARCH  model's findings are presented in this section. Numerous research that looks at GARCH  model selection 

has found, according to Javed and Mantalos (2013), that the "performance of the ( )1,1GARCH  model is satisfactory." 

The first lag, is enough to capture the volatility's fluctuations. Bollerslev developed the GARCH t−  ( GARCH  with 

student t distribution) model as a special modification of the GARCH in 1987 since it has been demonstrated that 

t t th =  occasionally appears to have thicker tails compared to the normal distribution. 

The tables 1, 2 and 3 represents the GARCH ( )1,1GARCH  model where we ca see that all the parameters are significant 

at 1% level. The sum ( ) +  coefficients of the S&P 500, NASDAQ, and Dow Jones Indices are also extremely near to 

one. This demonstrates how volatile shocks are relatively persistent across all stock markets. High frequency financial data 

typically exhibits this characteristic. 

Table 1: GARCH (1,1) results for S&P 500 index 

 S&P index 
S&P 500 index (internal 

components) 

S&P 500 index (external 

trend) 

Mean equation 

Variable Coefficient Prob Coefficient Prob Coefficient Prob 

C 0.094292 0.0000 1.050727 0.0000 0.950114 0.0000 

Variance equation 

C 0.019243 0.0002 0.001041 0.0118 0.021322 0.0002 

  0.198201 0.0000 0.082149 0.0000 0.188012 0.0000 


 0.800587 0.0000 0.914884 0.0000 0.810656 0.0000 

 +
 0.998788  0.997033  0.998668  

Table 2: GARCH (1,1) results for NASDAQ index 

 NASDAQ index 
NASDAQ index (internal 

components) 

NASDAQ index (external 

trend) 

Mean equation 

Variable Coefficient Prob Coefficient Prob Coefficient Prob 

C 0.133464 0.0000 1.050727 0.0000 0.969613 0.0000 

Variance equation 

C 0.026492 0.0007 0.001041 0.0118 0.022240 0.0002 

 0.156832 0.0000 0.082149 0.0000 0.183145 0.0000 

 
0.833263 0.0000 0.914884 0.0000 0.816383 0.0000 

 0.990095  0.997033  0.999528  





 +
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Table 3: GARCH (1,1) results for Dow Jones index 

 Dow Jones index 
Dow Jones index (internal 

components) 

Dow Jones index (external 

trend) 

Mean equation 

Variable Coefficient Prob Coefficient Prob Coefficient Prob 

C 0.085481 0.0000 0.943131 0.0000 0.900586 0.0000 

Variance equation 

C 0.023720 0.0001 0.000607 0.0171 0.019177 0.0002 

 0.196575 0.0000 0.086280 0.0000 0.187880 0.0000 

 
0.802229 0.0000 0.912079 0.0000 0.810734 0.0000 

 
0.998804  0.998614  0.998614  

To check whether have improved the predictability of the stock returns by decomposing them, to compare forecasting 

methods for accuracy under quadratic loss, we used a GARCH  model to calculate the mean squared error. Due to the fact 

that RMSE  penalizes large forecast errors more severely than other commonly used accuracy statistics, it tends to 

demonstrate which method prevents large errors the best (Thompson, 1990). The table 4 represents the RMSE of the 3 stock 

indices before and after decomposition. 

Table 4: RMSE values obtained using the GARCH (1,1) model 

Stock index  RMSE 

S&P 500 

Returns 1.1790 

Internal components 0.1151 

External trend 1.2201 

NASDAQ 

Returns 1.3871 

Internal components 0.3859 

External trend 1.2502 

Dow Jones 

Returns 1.1776 

Internal components 0.3165 

External trend 1.1613 

Using ( )1,1GARCH  model, we got: 

 ( ) ( ).RMSE returns RMSE Int c  (8) 

And: 

 ( ) ( ).RMSE returns RMSE Ext t  (9) 

By summing both equations: 

 ( ) ( ) ( )2* . .RMSE returns RMSE Int c RMSE Ext t +  (10) 

Then: 





 +
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 ( ) ( ) ( )( )
1

. .
2

RMSE returns RMSE Int c RMSE Ext t +  (11) 

We can conclude that on average, the ( )RMSE returns  is higher than ( ).RMSE Int c  and ( ).RMSE Ext t  under the 

same prediction model. Which means that using the ( )1,1GARCH  model, it’s better to predict the returns external parts 

and the internal parts separately since they lead to lower mean square error values, which confirms the effectiveness of the 

decomposition method in the predictability improvement. To confirm this result, we estimated the coefficients for the first 

1927 observations (covering the period from January 6th 2015 to August 30th 2022), then the conditional variance for the 

last 64 observations, and then generated the error for each stock. The following is the formula for the RMSE  : 

 ( )
1991

2
2 2

1927

1
ˆ* ( ) ( )

64
i i

i

RMSE MSE r t t
=

= = −   

Where 
2ˆ( )it  is the conditional estimated variance and 

2( )ir t  is the squared continuously compounded rate of return for 

each of the three stocks at time t . The table below present the RMSE  of the returns, the internal components and the 

external trend. The results show that the return error, is grater on average: 1.6635>0.8856 (S&P 500); 2.0541>1.1094 

(NASDAQ 100) and 1.3930>1.0232 (Dow Jones). We conclude than that the decomposition method leads to better forecasts 

with (1,1)GARCH . 

Stock index  RMSE 

S&P 500 

Returns 1.6635 

Internal components 0.0876 

External trend 1.6837 

NASDAQ 

Returns 2.0541 

Internal components 0.5011 

External trend 1.7189 

Dow Jones 

Returns 1.3930 

Internal components 0.4497 

External trend 1.5968 

Figure 5: RMSE for the forecasted observations 

3.   CONCLUSION 

Numerous studies have demonstrated that the GARCH method is excellent for modeling stock data time series. Generally, 

scholars used it with other prediction models and compare the results and find the best fitting model. In this study, we first 

decomposed the returns from S&P 500, NASDAQ and Dow Jones stock indices into internal components and external parts 

via the external trend and internal components analysis method. Then using the ( )1,1GARCH  model, we predicted the 

volatility of the returns before and after decomposition in order to explore the effect of the ETICA method and to test its 

efficiency in improving the predictability of the returns. Our empirical analysis showed that on average, the root mean 

squared error of the returns before decomposition was higher, which means that the prediction error has decreased using 

the decomposition method. On other words, the forecast error after decomposition is lowest on average. Because there is 

no such thing as a perfect model and small degrees of error will always exist, it is worthwhile to minimize this risk due to 

the fact that strong models always give investors solid orientations. 
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APPENDIX: 

Normality tests: 

 

 

 

Figure 6: Normality test for stock indices internal components 
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Figure 7: Normality test for stock indices external trends 
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Stationarity test: 

 

 

 

Figure 8: Stationarity test for stock indices internal components 
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Figure 9: Stationarity test for stock indices external trends 
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ARCH test 

 

 

 

Figure 10: ARCH test for S&P 500 returns, the internal components and external trend respectively 
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Figure 11: ARCH test for NASDAQ returns, the internal components and external trend respectively 
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Figure 12: ARCH test for Dow Jones returns, the internal components and external trend respectively 
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